Abstract: We construct composite and partially composite Higgs models with complex pseudo-Nambu-Goldstone (pNGB) dark matter states from four-dimensional gaugeYukawa theories with strongly interacting fermions. The fermions are partially gauged under the electroweak symmetry, and the dynamical electroweak symmetry breaking sector is minimal. The pNGB dark matter particle is stable due to a U(1) technibaryon-like symmetry, also present in the technicolor limit of the models. However, the relic density is particle anti-particle symmetric and due to thermal freeze-out as opposed to the technicolor limit where it is typically due to an asymmetry.
Introduction
Gauge and gauge-Yukawa theories with strongly interacting fermion sectors at, or above, the weak scale underly several model frameworks for dynamical electroweak symmetry breaking (EWSB). This includes technicolor (TC) [1] [2] [3] [4] [5] and bosonic technicolor (bTC) [6] [7] [8] [9] [10] [11] , partially composite Higgs (pCH) [12] [13] [14] [15] [16] , and composite-Higgs (CH) models [17] [18] [19] [20] [21] . These models can be realized with the same underlying four-dimensional gauge theories with fermions via different vacuum alignments-and by adding scalars in the bTC and pCH cases.
In the TC limit the Higgs is an excitation of the vacuum [5, 6, 22] , and analogously to QCD there can be a global U(1) technibaryon symmetry which allows for the lightest technibaryon to be an asymmetric dark matter (DM) candidate [23] [24] [25] [26] [27] [28] . It must typically be particle anti-particle asymmetric because of large annihilation cross sections from the strong interactions at the weak scale, although symmetric candidates from thermal freezeout can occur [29] . This U(1) symmetry is often anomalous under weak interactions such that Stadard Model (SM) sphalerons may equilibrate baryon and technibaryon numbers [24] and address the origin of the ratio of visible to dark relic densities.
In the CH vacuum, the Higgs is realized as a pseudo-Nambu-Goldstone boson (pNGB) with properties which may be tuned close to the SM Higgs by external interactions. However, the U(1) technibaryon symmetry present in the TC limit is typically lost. Instead, DM candidates in CH models have typically been constructed and stabilized using Z 2 symmetries and CH models have most often been studied purely using an effective Lagrangian [30] [31] [32] [33] [34] .
Here we are interested in models with explicit four-dimensional descriptions in terms of elementary degrees of freedom that retain particles charged under a global U(1) symmetry in the CH vacuum. In particular, we are interested in models where the DM candidate charged under this stabilizing U(1) symmetry is a pNGB related to the dynamical symmetry breaking. This is simply realized with models where only part of the fermions are gauged under the electroweak (EW) interactions for which TC limits have been studied in e.g. Refs [26, 28, 35, 36] . We, therefore, consider models with N 1 + N 2 Weyl fermions transforming in representations R 1 and R 2 , respectively, of a new strongly interacting gauge group G TC . Only the R 1 fermions are gauged under the SM EW gauge group and responsible for EWSB. For fermion partial compositeness we comment on adding a third sector of N 3 QCD charged fermions in order to accomodate top partners.
The R 2 sector was motivated both by achieving near-conformal dynamics [26, 35, 36] and by allowing for light asymmetric DM [28] in the TC limit. When aligning the R 1 sector into the CH regime, the R 2 sector can retain a U(1)-technibaryon-like symmetry, and thereby a composite DM candidate which, however, must now have a particle antiparticle symmetric relic density.
The simple model we study has G TC = SU (2) , N 1 = 4 with R 1 being the fundamental representation, and N 2 = 2 with R 2 being the adjoint representation. The TC limit of this model was studied in Ref. [26] , while Ref. [36] considered R 2 = R 1 with both inert and electroweak gauged fermions in the fundamental representation. The CH and pCH regimes of the R 1 sector only were studied in Refs [21, 37] and [13] [14] [15] [16] , respectively. Since the model is formulated explicitly in terms of elementary constituents, the composite contributions to the spectrum may be predicted using lattice simulations. The R 1 sector has recently been studied in e.g. Refs [38] [39] [40] and recent lattice studies have begun investigating models with multiple fermion representations [41, 42] and composite DM candidates [43] [44] [45] [46] .
The paper is organised as follows: In Sec. 2 we introduce the model framework, the model example with SU(4)×SU(2)×U(1) symmetry and the effective description. In Sec. 3 we discuss the phenomenology of the DM candidate, the pNGB of the R 2 sector, and the [26] .
interplay with different possible origins of the SM-fermion masses. Finally, in Sec. 4 we give our conlusions.
The Model and the effective description
The model framework we propose consist of a new strongly interacting gauge group G TC with N 1 Weyl fermions in the representation R 1 and N 2 Weyl fermions in the representation R 2 . The R 1 fermions are gauged under the EW interactions, while the R 2 fermions are inert. We also add interactions to provide SM-fermion masses and to align the vacuum into the CH regime. We will briefly discuss elementary scalars [6] and four-fermion operators of both the extended-TC (ETC) [1, 2] and fermion-partial-compositeness (PC) type [47] as examples of such interactions. In the latter case, we add a third sector with QCD charged fermions to accomodate a top partner, to be discussed in more detail in Sec. (2.3)(iii). In the minimal model example which we will study, the gauge group is chosen to be G TC = SU(2) TC with R 1 the fundamental representation and N 1 = 4. We further take R 2 to be the adjoint representation and N 2 = 2 as in Ref. [26] . The fermion content in terms of left-handed Weyl fields, with ψ L ≡ ψ * R , along with their EW quantum numbers is presented in Table 1 . The strongly interacting fermion sector features the global symmetry SU(4) × SU(2) × U(1) at the quantum level.
transform in the fundamental representations of the SU(4) and SU(2) subgroups of the global symmetry, respectively, where we drop a L subscript on Q and Λ for simplicity. The anomaly free 1 U(1) acts on both fermion sectors as
In the case of PC, where we need a larger gauge group, this charge assignment is different, and we will discuss this issue in Section 2.3. The underlying fermionic Lagrangian we consider is
2)
1 The U(1) charges of Q and Λ make the corresponding current anomaly free since (
where δL are additional interactions including those responsible for vacuum alignment and SM-fermion masses, and we have collected the explicit mass terms for Q, Λ in δL m with
The mass terms preserve the subgroups Sp(4) ∈ SU(4) and U (1) Λ ×Z 2 ⊂ SU(2)×U(1). The EW gauging of the kinetic term of Q preserves the subgroup SU(2) W × U(1) Y × U(1) TB ⊂ SU(4) and the full SU(2) × U(1) part of the global symmetry.
The condensates and electroweak embedding
The dynamical condensates of the theory are
with I, J and A, B flavor indices in the two sectors while α, β are spin and c, k are gauge indices. We expect the Goldstone Boson decay constants f, f Λ to be of the same order [26, 28] and will for simplicity take them to be identical later. The condensates break the global symmetries SU(4) to Sp(4) and SU(2) × U(1) to U(1) Λ × Z 2 . The orientation of the condensate E Q relative to the EW embedding determines whether we are in the TC limit or in the CH regime, and the orientation is in turn determined by the interactions in δL, δL m . In the TC limit the Sp(4) is aligned such that it only contains the U(1) EM subgroup of the electroweak symmetry group. To describe the general vacuum alignment in the effective Lagrangian we identify an SU(2) L × SU(2) R subgroup in SU(4) by the left and right generators 5) where σ i are the Pauli matrices. The EW subgroup is gauged after identifying the generator of hypercharge with T 3 R ; see, e.g., Refs [18, 21, 48] for details. The alignment between the EW subgroup and the stability group Sp(4) can then be conveniently parameterized by an angle, θ, after identifying the vacua that leave the EW symmetry intact, E ± Q , and the one breaking it completely to U(1) EM of electromagnetism, E B Q , with:
where we have also written the Λ-sector vacuum matrix, E Λ . The true SU(4) vacuum can be written as a linear combination of the EW-preserving and EW-breaking vacua,
We use the short-hand notations s x ≡ sin x, c x ≡ cos x, and t x ≡ tan x throughout. Either choice of E ± Q is equivalent [49] , and here we have chosen E − Q . The vacuum alignment of the Λ-sector, described by the matrix E Λ , is kept fixed, independent of the angle, θ.
In the CH vacuum with 0 < θ < π/2 the unbroken global symmetry group is reduced from Sp(4) to U(1) EM × U(1) Λ × Z 2 after gauging. In the limit θ = π/2 referred to as the TC vacuum the unbroken symmetry group is U(1)
The Goldstone excitations around the vacuum are then parameterized by
with
where X Q,Λ are the θ-dependent broken generators of SU(4) and SU(2) and can be found explicitly in Refs [26, 49] . The Θ state is the only state connecting the two sectors at the level of single trace terms in the effective Lagrangian and its U(1) charges under each sector follow from Eq. (2.1). For simplicity, we will henceforth use the notations h ≡ Π 4 Q and η ≡ Π 5 Q for the composite Higgs, and the CP-odd pGB of the Q sector, resp., and Φ ≡
for the Λ-sector pGBs, corresponding to Λ T CΛ andΛCΛ T states. The states in the EW unbroken limit with s θ = 0 (upper) and TC vacuum with s θ = 1 (lower) are given in Table 2 . In the composite Higgs range the states correspond to those in the EW unbroken vacuum except h ≡ Π 4 Q ∼ c θ (Ū U +DD) + s θ Re U T CD, see e.g. Ref. [48] . Table 2 : Table of pNGB states in the EW unbroken limit with s θ = 0 (upper) and the TC limit s θ = 1 (lower)
Below the condensation scale, the Lagrangian of Eq. (2.2), gauged under the EW interactions, yields 9) where the kinetic terms are
with 11) and the EW gauge fields are encoded in the covariant derivative
The kinetic term of Θ is canonically normalized only if f Θ = f = f Λ which we will assume for simplicity. In the general case, the kinetic terms must be renormalized but based on Casimir scaling we expect them to be of the same size [26, 28] . The EW gauge interactions contribute to the effective potential at the one-loop level, but the contribution is higher order as compared to the vector-like mass terms in Eq. (2.3), and numerically subleading due to the smallness of the EW gauge couplings as compared to the top-loop contributions arising from the four-fermion interactions. We discuss the latter below.
The effective potential, at the lowest order, is given by
where c Q , c Λ are non-perturbative O(1) constants, and we use the numerical value c Q ≈ 1.5 suggested by the lattice simulations [38] . The mass terms involving M Q (as well as the subleading EW gauge interactions) prefer the vacuum where the EW is unbroken as we discuss below. The correct vacuum alignment must therefore be ensured by the SM-fermion mass generation mechanism.
Interactions between the R 1 and R 2 sectors
From the single trace terms in Eq. (2.13), the only interactions between the R 1 and R 2 sectors are those involving the Θ state. At the next leading order all interactions between the R 1 and R 2 sectors arise from double trace terms
where c i , 1 = 1, . . . , 4 are the Gasser-Leutwyler type coefficients [50] , and c i ∼ O(1) by naive dimensional analysis in analogy with QCD [51] . We have for simplicity shifted the c 2 and c 3 terms such that Φ, h, and the EW gauge boson masses and kinetic terms do not acquire additional contributions from these higher-order terms, but are instead determined by Eqs (2.13), (2.24), and (2.10), resp. Expanding Eqs (2.13) and (2.14) yields
where
analogously to the Gell-Mann-Oakes-Renner relation in QCD [52] . The mass appears as a common prefactor of all non-derivative terms as a consequence of the Goldstone nature of Φ. The couplings involving the Θ state g ΘΘ and g ∂Θ are the only ones not arising from a double trace term. We give the explicit couplings in appendix A.
Besides the anomaly-free Θ state, a Θ state corresponding to the U (1) which is quantum anomalous is also present in the spectrum of the theory and can mix with Θ. Its mass is generated by instanton effects related to the U(1) anomaly [53] . We provide more details in App. (B). We assume for simplicity that Θ mass is large and it decouples.
The anomaly-free state Θ on the other hand receive its mass from explicit U(1) breaking terms, like the vector-like mass terms of Eq. (2.13), which also generate interactions between Θ and other pNGBs. Explicitly, the relevant terms (excluding derivatives) up to quartic order are given by
We also assume that m 1 = m 2 so mass mixing is absent in the pseudoscalar sector. The relevance of the Θ state and its interactions for our study is that the quartic term ΦΦΘ 2 can erase the thermal relic density of Φ unless m Θ > m Φ or m f Λ . In the following we require m Θ > m Φ and this imposes non-trivial constraints on the parameter space.
SM-fermion masses and vacuum alignment
The composite sector must be extended to provide SM-fermion masses and correct vacuum alignment. Here we briefly comment on the three different possibilities which will impact the DM phenomenology. Further ways to distinguish these possibilities using the pseudoscalars analogous to the QCD η, η states have been discussed in Ref. [54] .
(i) ETC-type four-fermion operators. One possibility is to add four-fermion operators as in Ref. [17] . Such four-fermion operators could themselves arise from the exchange of heavy scalar multiplets but also from heavy vectors as in ETC [2] .
Explicitly for the top quark, after integrating out heavy states, we would have
where the spurion, P α , projects out the EW components such that Q T P α Q transforms as EW doublet with hypercharge +1/2. Upon the condensation of the techniquarks, this yields a contribution to the top mass, i.e.
This yields the Higgs-top coupling 21) and gives a contribution to the effective potential via the top loop: 22) where C t encodes the non-perturbative top-loop effects. The vacuum alignment is dominantly given by balancing the top contribution and contribution from the explicit techniquark mass terms [21] :
The Higgs mass is given by
Thus the correct Higgs mass is reproduced for C t ∼ Requiring that m Θ > m Φ leads to the constraint 27) and further after parametrizing m Φ = f , to a relation between s θ and :
(ii) Partially composite Higgs. Alternatively we may add a multiplet of elementary scalars containing at least an SU(2) W doublet with Yukawa couplings to SM fermions as in Refs [6, [12] [13] [14] 16 ]. We will focus on the simplest example with H an SU(2) W doublet by adding to the UV Lagrangian above the interactions: 29) where the elementary Higgs doublet is given by
where H = H * . The antisymmetric contractions are kept implicit. The above Yukawa interactions induce the following lowest-order operators to the effective potential:
This part of the potential prefers the TC vacuum such that the final vacuum alignment in this case is given by
The two CP-even mass eigenstates in this partially composite Higgs case are given in terms of the interaction eigenstates by [16] 
where as above we have first identified h ≡ Π 4 , and the angle, α, is determined by
(2.34)
The ordinary CH case corresponds to s α = −1, h 1 = h. In this case, the η mass is given by 35) where the angle β is defined by
The mass of Θ can now be written as Requiring that m Θ > m Φ = f leads again to a condition between s θ and :
(iii) Fermion partial compositeness. Finally in the partial compositeness scenario we add baryon-like operators as in Ref. [47] . In this case the underlying theory has to be extended with extra QCD charged fermions in order to construct the top partners and to enlarge the G TC gauge group to ensure asymptotic freedom as studied in e.g. Ref. [19] . The effect of the partial compositeness operators into vacuum alignment was extensively discussed in Ref. [55] . The vacuum alignment phenomemnology depends on in which representation of the global symmetry group the top partners are embedded. For concreteness, we will consider the top partners in the symmetric representation of SU(4).
The top mass and linear couplings to pNGBs can be written as [55] C yS 4π
4π y t L y t R c θ s θ f , and the contribution to the effective potential is given by 42) and the Higgs mass is given by
Obtaining the correct Higgs mass, requires a small hierarchy C tS < C yS . Finally, the η mass can be written as
One possible extension of our model to provide the top partners is to have four Weyl fermions, Q, in the fundamental (F), another six, χ, in the two-index anti-symmetric, A 2 , as detailed in Ref. [20] , and keep the inert sector with λ-fermions still in the adjoint representation (G) of G TC . In this case, it is also necessary to modify the gauge group in order to ensure asymptotic freedom, one possibility being G TC = Sp(N TC ). The enhanced global symmetry is then SU(4)/Sp(4)× SU(2)/SO(2) × SU(6)/SO(6) × U(1) 2 . Asymptotic freedom is guaranteed by N TC = 2 < 3, where the first coefficient b of the beta function is positive [26, 56] , i.e.
with T (R) = 1, 2N TC −2, 2N TC +2 the index of representation R = F, A 2 , G respectively. The two anomaly-free U(1) give rise to two extra pNGBs. The Q, χ and λ charges under these U(1) are defined by the anomaly cancellation
The two states will mix but we leave a detailed study for the future and restrict to the simple case where the χ-sector (as well as the anomalous Θ ) decouple (for instance with an explicit χ mass) so that the lighest Θ-state can be determined by the charge assignment q Q = −1, q λ = 1/3. All interactions of the Θ-sector then have to be modified accordingly; in particular the mass relation between Φ and Θ is modified to 
Dark Matter
Before studying the phenomenology of the DM state Φ it is illustrative to briefly discuss the relation between the TC and CH regimes. In the TC limit the Π U D state in 
which lead to a large thermal cross section
In the TC limit where s θ = 1 the Π U D state can therefore only be thermal dark matter if its mass is just below the W mass threshold where the annihilation cross-section is kinematically suppressed [29] . For m Π U D > m W the annihilation cross section is too efficient such that Π U D must instead be asymmetric if it is to be the DM as in [26, 29] . In the CH parameter regime, with say s θ 0.1, the pNGB η, with a similar annihilation cross-section and with a weak scale mass, would be a WIMP candidate if it were stable but topological interactions make it unstable. However the Φ state of the R 2 sector in the extended models considered here remains protected by the U(1) Λ symmetry in both the TC and CH vacua. The contact interactions of Φ with the SM gauge bosons is not only suppressed by s θ in the CH vacuum, but also by the fact that the interactions arise only from the double trace terms in Eq. (2.14).
In the following, we will compute the thermal annihilation cross sections for the three different cases for SM-fermion mass generation outlined in Sec. 2.3.
Annihilation cross sections
We list the dominant annihilation cross sections for different channels below. For simplicity, we write down explicitly here only the channels ΦΦ → h 1 h 1 , V V . Notice that the condition m Θ > m Φ implies also m η > m Φ in all the cases of SM-fermion mass generation that we consider; see Eqs (2.26), (2.37), and (2.47). In the numerical analysis we keep all the interactions, and take into account the richer scalar sector in the pCH case including channels ΦΦ → h i h j , i = 1, 2.
and
for V = W, Z, and δ W,Z = 1, Furthermore, the annihilation cross section ΦΦ → tt is given by
where g h 1,2t t are the couplings of the mass eigenstates h 1,2 to the top quark, and again CH and PC cases correspond to s α = −1.
(i) ETC-type four-fermion operators. We consider first the annihilation cross section in the purely CH case with ETC-type SM-fermion masses, described in Sec. 2.3. The condition m Θ > m Φ (cf. Eq. (2.26)) also implies m η > m Φ , and therefore, the relevant annihilation channels are ΦΦ → hh, V V, tt.
Taking m Φ = f , and f Λ = f = v w /s θ , and
fixed by the alignment condition Eq. (2.23), we find the leading-s θ contribution to the annihilation cross section to be The leading contribution from ΦΦ → h →tt is O(s 4 θ ) and is given by
The relative contributions of σv t t and the two parts σv
1,2
hh,V V and σv
3,4
hh,V V from the c 1,2 and c 3,4 coefficients respectively are therefore
showing how the contact interactions, in particular the V V interactions from the c 1,2 terms, dominate the annihilation cross-section parametrically in s θ . These contact interactions are however loop-suppressed in direct detection scattering.
Values of ∼ O(1) will quite naturally lead to the right thermal relic density again with s θ 0.1, while the requirement m Θ > m Φ sets an upper bound ≤ 1/2.
Setting c 1 = c 2 = c 3 = c 4 ≡ c, and c Λ = 1, we show the thermal cross section σv = 3 · 10 −26 cm 2 s −1 as a function of c and s θ for different values of in Fig. 1 . The blue dashed line corresponds to fixed value = 0.25, whereas on the purple solid line, = max (s θ ) corresponding to the limit m Θ = m Φ . On the shaded purple region m Θ < m Φ , and the relic abundance would be washed away by the ΦΦ → ΘΘ scatterings. The blue shaded region shows the current direct-detection limits by XENON1T [57, 58] assuming = max (s θ ). The direct-detection limits are discussed in more detail in Sec. 3.2.
(ii) Partially composite Higgs. Including an elementary Higgs doublet changes the picture significantly. Now CP-even states σ h and h mix as described in Sec. 2.3, and the mass eigensates are the physical Higgs boson, h 1 , and a heavy scalar, h 2 . In this case, the thermal annihilation cross section is determined by the scattering channels ΦΦ → h i h j , V V, tt, where i = 1, 2. In the simplified case, where the additional scalar is heavy, and only ΦΦ → h 1 h 1 , V V channels contribute, we can write the cross section as
and we again take m Φ = f , but now f Λ = f = v w c β /s θ . We fix m Q and y Q via the vacuum conditions, and trade m 2 H and λ H for δ (defined in Eq. (2.34)) and m 2 h . We show the full result including the additional scalar channels, while again setting c 1 = c 2 = c 3 = c 4 ≡ c and c Λ = 1, in Fig. 2 for two benchmark values of the addtional angles: (a) t β = 10, α = −0.1 (left panel), and (b) t β = 5, α = −0.2 (right panel). Again, the solid purple curve represents the thermal cross section σv = 3 · 10 −26 cm 2 s −1 for = max (s θ ) corresponding to the limit m Θ = m Φ , and the dashed blue curve corresponds to a fixed = 1. On the shaded purple region m Θ < m Φ , and blue shaded region shows the XENON1T exclusion [57, 58] for = max (s θ ). The associated heavy scalar spectrum corresponding to the benchmark cases (a) and (b) is shown in Fig. 3 as a function of s θ . The kink in the thermal cross section lines are due to the opening of the ΦΦ → h 1 h 2 annihilation channel which yields the right relic abundance with lower values of c.
The top channel is now very subleading The mass of h 2 as a function of s θ for the cases shown in Fig. 2 . The masses of η and π ±,0 follow closely the mass of h 2 and we have omitted those for clarity.
section including ΦΦ → hh, V V channels (ηη channel is again excluded by the m Θ > m Φ condition):
The leading contribution from ΦΦ →tt is O(s 4 θ ) and is given by
We show again the thermal cross section for c 1 = c 2 = c 3 = c 4 ≡ c, c Λ = 1, and C yS = 10, C tS = 1 as a function of c and s θ in Fig. 4 . The blue dashed line corresponds again to fixed value = 0.25, and the purple solid line to = max (s θ ) (m Θ = m Φ ). We note that the χ sector is assumed to be heavy.
Direct detection limits
Since the contact interactions that determine the thermal relic density are loop suppressed in direct detection experiments, we expect the t-channel exchange of the (partially) composite scalars (h 1,2 ) h (Fig. (5)(a) ) will dominate the signal with a tree-level scattering cross-section on nuclei given by [59] : 13) where µ N is the nucleon-DM reduced mass, v w the electroweak vev, g H is the effective coupling between the DM and the relevant (partially) composite Higgs, H = h, h 1 , h 2 , d H describes the scalar exchange, and f N parametrizes the Higgs-nucleon coupling. We take the central value of f N = 0.3 but this value depends on whether all fermion masses arise from the same mechanism or if e.g. only the top quark fermion mass does. The effective coupling g H is given in the limit of vanishing momentum transfer, t → 0, by (cf. Eq. (2.15)) Depending on the SM-fermion mass mechanism, d H is given by
The direct detection cross-section from the contact interactions are loop suppressed and the dominant ones from W (Z) exhange are shown in Fig. 5(b) . Loop induced direct detection constraints from four-particle contact interactions between DM and SM photons and vectors bosons were evaluated in e.g. Refs [60, 61] for interactions via field strength tensors and for inelastic transitions in Ref. [62] . Here however the interaction proceeds via the mass-like contact interaction, and we find the cross section
The resulting cross section level is well below current direct-detection limits and below the neutrino floor. While in general there could be interference between the Higgs exchange and weak boson loop exchange, given how small the latter is, we do not consider that here. In summary, the annihilation cross section is dominated by the contact interactions of Φ with the SM vector bosons, while direct detection is dominated by the tree-level Higgs exchange.
Finally the Fermi-LAT limits from DM annihilations in dwarf spheroidals [63] do not currently exclude a full thermal annihilation cross-section into W W and ZZ at any mass so we do not study indirect detection signals further here.
Conclusions
In this paper we have constructed new (partially) composite Goldstone Higgs models featuring composite Goldstone DM candidates. The DM candidates are stabilized by U(1) global symmetries of the underlying four-dimensional gauge and gauge-Yukawa theories with strongly interacting fermions-analogous to the U(1) baryon symmetry responsible for the longevity of the proton. However, differently from the proton, the thermal relic density of the DM is particle anti-particle symmetric.
Only part of the strongly interacting fermions are gauged under the EW symmetry of the SM and the DM particle is the lightest particle charged under the global U(1) among the SM-inert fermions. At the effective Lagrangian level the DM relic density arises from double trace terms between the SM-inert-sector fermions and those that are gauged under the SM symmetry group. In particular these double trace terms provide four-point contactinteraction terms between the DM and the SM vector bosons-as well as the Higgs and additional pNGBs-which determine the thermal relic density.
The dominant scattering channel for direct detection is via composite Higgs exchange arising also from double trace terms. The Higgs couplings to the DM particle is sensitive to the origin of the SM fermion masses, either via ETC-type four-fermion operators, mixing with elementary doublets, or via fermion partial compositeness. Therefore direct detection is in principle able to probe this origin. The scenario with ETC-type four-fermion operators is most constrained by direct detection; however, the constraints are overall weak and only exclude regions with unexpectedly large values of the Gasser-Leutwyler type coefficients in the effective Lagrangian.
We eliminate the annihilation channel of the DM, Φ, into the additional pNGB, Θ, related to the global U(1) factor by requiring that m Θ > m Φ . This is the only annihilation channel that arises at single-trace level and which could wash out the thermal relic density. This requirement selects vacuum angles in the region sin θ ∼ 0.1 − 1 again depending on the fermion mass mechanism and assuming that the effective Lagrangian coefficients, c i , are O(1) as expected by naive dimensional analysis. Therefore, the requirement eliminates the fine tuned decoupling limit of parameter space where sin θ 1. The SM inert fermions may render the strong dynamics near-conformal and this may imply that the composite spin-1 spectrum exhibits nearly parity doubling. In the TC limit this has been argued to reduce the electroweak S parameter. Although in CH models with a large compositeness scale, f , such a dynamical reduction is not necessary to be in agreement with experimental constraints, it would be interesting to explore in partially composite Higgs models where the scale f can be low. The presence of an explicit underlying model with composite Higgs and DM opens the possibillity for the lattice to provide crucial input to the phenomenology of these models such as a precise determination of the spectrum.
B Abelian bosons
In a general underlying theory with n fermionic sectors, each one specified by a representation r and a number of fermions N r , there is a global symmetry U(1) n one of which is anomalous under G TC and the anomaly-free combinations are given by The other charges are then defined to span the rest of the space with orthogonal basis. These states then mass mix via the terms in Eq. (B.2) to form physical states. In ETC and pCH cases we assumed n = 2 fermion representations, Q in F and λ in G of G TC = SU(2), which give rise to 2 external U(1) groups one of which is anomalous. The anomalous charges are q F,2 = 1/2 and q G,2 = 2 and the anomaly-free one is the orthogonal combination q G,1 = 1/2 and q F,1 = −1. They mix according to Eq. (B.2) and in the Θ decoupled limit (m A → ∞) we recover Eq. (3.15): m 2 Θ = 1 9 (8m 2 F + m 2 G ) with m F = m η c θ and m G = m Φ . A similar sitation with two sectors has been studied in Ref. [53] .
In PC case we assumed a n = 3 fermionic sectors, Q in F, λ in G and χ in A 2 of G TC = Sp(4). The anomalous combination is q F,3 = 1, q A 2 ,3 = 3, q G,3 = 3. In the case the anomalous field is decoupled we have the masses of the two anomaly-free states given by (m 2 Φ + 3m 2 χ ) and the phenomenology changes. This situation was not considered here and we leave it for future analysis.
